The paper examines a matrix equation given by Ziebur [6] for the growth of a population in which the birth-rate and death-rate are age-dependent. For convenience the population was sub-divided into four age groups, with the same birth-rate and death-rate for individuals in a particular group, and the matrix equation relates the numbers in each sub-division in consecutive years. This avoids delay terms and makes it easier to modify the growth equation but it is shown that the form suggested by Ziebur for the transition matrix leads to some difficulties.
Introduction
In discussing population growth, mathematical models which allow for the age structure of the population have been used for some time [4, 5] . This approach was stimulated by two papers by Leslie [2, 3] who set up a matrix equation for the number of females in a population whose fertility rate and mortality rate varied with age. Lefkovitch [1] examined the practical problem of applying these ideas to data from laboratory experiments on a population of beetles where the age of each beetle could not be established precisely but different stages of development could be recognised. More recently, Ziebur [6] has shown how equations of this type can be modified to include other effects, such as the effect of growth to a limit and the effect of harvesting. To illustrate these ideas he considered a population which could be divided into four age classes, with uniform birth and death rates in each class, and put forward a matrix equation to relate the number in each class in consecutive years. The purpose of the present paper is to examine this basic equation and see what consequences it entails, since it involves an assumption about the distribution among the age groups within each of the four classes.
Section 2 specifies the model in more detail and introduces the notation that is employed. It also indicates which terms in the basic equation are of special interest in the later discussion. In section 3, a number of equations are established which are valid in the general case and in section 4 they are compared with the matrix equation proposed by Ziebur. It appears from this that Ziebur's equation imposes severe restrictions on the parameters and on the type of solution available.
Notation and basic matrix equation
To simplify comparison we shall follow Ziebur's model, although with some minor differences in notation. We can take the basic unit of time as a year in the discussion, and speak of population changes from one year to another, without worrying about the possibility that some other unit of time might be more appropriate for certain populations. Let x (j> n ) ~ number of individuals in class j in year n, (2.1) with j = 1,2,3,4. Class 1 consists of individuals in the age group (0, rj, Class 2 corresponds to the age group (r l ,r l + r 2 ), class 3 to the age group (r Y + r 2 , r x + r 2 + r 3 ) and Class 4 to the age group (r t + r 2 + r 3 , oo). The annual birth and death rates are taken as uniform in each class, with b and d y as the appropriate rates for Class j . Following Ziebur, we take b } > 0 and 0 < d } < 1 for each j , so that the population fades away rather than dying at a fixed age. If
2) where L is a 4 X 4 matrix given by
then B(n + 1) is the number of individuals born during year n, which is the same as the number in the age group (0,1) for year « + 1. (It is assumed here that the census for year n + 1 is taken at the beginning of the year, that is at the end of A. Brown [31 year n.) Thus we have
and we can interpret (1 -d x )x{\, n) as the number of individuals from Class 1 who survive to the end of year n, while the last term represents the number transferred from Class 1 to Class 2 at the end of year n. This implies that the number in the age group (r t -1, r x ) at the beginning of year n was (l/r 1 )x(l, n), with the survivors counted in age group (r 1; r x + 1) in the census for year n + 1. There is no difficulty about this if r l = 1 but if r x = 2 we immediately have equal numbers in age groups (0,1) and (1, 2) at the beginning of year n.
This holds for all values of n, which means that we have a restriction on the population. Indeed it can be deduced that B(n + 1) < B(n), which is a strong restriction, but we shall return to this later. What happens for r x > 3? Are the individuals in Class 1 uniformly distributed over the age groups (0,1), (1,2),..., {r x -1, r x )? Perhaps not, since (l/r r )x(l, n) is only an average over the different age groups for year n, so it would be possible to have this number in age group (r x -\,r x ) without having a uniform distribution. Yet this formula has to hold for all values of n and we can anticipate that this will bring in relationships between the numbers in different one-year intervals.
A similar problem arises with the number of individuals transferred from Class 2 to Class 3 and from Class 3 to Class 4 at the end of year n. These numbers are
respectively, as can be seen from equations (2.2) and (2.3). This means that at the beginning of year n there were (i) (l/r 2 )x(2, n) individuals in the age group (r 1 + r 2 -1, r x + r 2 ), (ii) (l/r 3 )x(3, n) individuals in the age group (r x + r 2 + r 3 -1, r x + r 2 + r 3 ). We can guess that these expressions will raise questions similar to those that came up in the previous paragraph.
Equations relating x{j,n) to B(n)
To look at these problems in a different way, let us start with B(n) individuals in the age group (0,1) in year n. This produces
of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000005312
It follows that (for n = 0 , 1 , 2 , . . . )
If we extend the argument above we get
and consequently
A similar extension of the argument gives
For x(4,«) we have to count over an infinite sequence of one-year intervals and this puts a strain on the notation. We can get round this by postulating that in year zero there were 
If we write 
) = P(m) + B(m + 1)-D(m). (3.11)
This serves as a check since it gives the obvious result that the increase in population size from year m to year m + 1 equals the excess of births over deaths in year m.
Effect of Ziebur's form for L
The equations in section 3 show that the x(j,n) can be related to the sequence {B(n)} and it should be noted that these equations do not depend on the form for L. However, using equation (2.3) introduces additional constraints on {B(n)} and it is these additional constraints that we want to examine. We saw that if we of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000005312 [ 6 ] Matrix equation for population growth 225 start with B(n) individuals in the age group (0,1) in year n there will be (1 -d^Bin) individuals in the age group (r x , r x + 1) in year n + r v These are the individuals transferred from Class 1 to Class 2 at the end of year n + r x -1, so with Ziebur's form for L we must have and the last of these is the delay term since it involves x(n), the population vector 
